1. Introduction {#s0005}
===============

In the chemical and medicine experiment, the scientists found that there is a potential link between the properties of the compound and its molecular structure. As a result, people tend to determine the features of drugs by virtue of mathematical method.

Specifically, let *G* = (*V*(*G*), *E*(*G*)) be a molecular graph with vertex set $V(G)$ and edge set $E(G)$, then a topological index can be regarded as a positive real function *f*: *G* → *R^+^*. Being numerical descriptors of the molecular structure deduced from the corresponding molecular graph, topological indices can be applied in theoretical medicine to test the characteristics of drugs ([@b0210], [@b0035], [@b0150]). For example, harmonic index, Wiener index, PI index, Randic index and sum connectivity index can be used to reflect certain structural features and chemical characteristics of organic molecules. In recent years, several articles made contributions to certain distance-based and degree-based indices of special molecular graph ([@b0130], [@b0235], [@b0070], [@b0075], [@b0085], [@b0090], [@b0105], [@b0095], [@b0100], [@b0080] for more detail). The notations and terminologies used but undefined in this paper can be found in [@b0030].

For any *e* = *uv*$\in$*E(G)*, let$$n_{u}(e) = |\{ x|x \in V(G)\text{,}d(u\text{,}x) < d(v\text{,}x)\}|\text{,}$$$$n_{v}(e) = |\{ x|x \in V(G)\text{,}d(u\text{,}x) > d(v\text{,}x)\}|\text{.}$$

[@b0115] introduced a distance-based version of the atom-bond connectivity index which was called the second atom bond connectivity index, and it is denoted as$$\mathit{ABC}_{2}(G) = \sum\limits_{\mathit{uv} \in E(G)}\sqrt{\frac{n_{u}(e) + n_{v}(e) - 2}{n_{u}(e)n_{v}(e)}}\text{.}$$

[@b0205] raised a distance-based version of the geometric-arithmetic index, and was called the second geometric-arithmetic index which can be stated as$$\mathit{GA}_{2}(G) = \sum\limits_{\mathit{uv} \in E(G)}\frac{2\sqrt{n_{u}(e)n_{v}(e)}}{n_{u}(e) + n_{v}(e)}\text{.}$$

As a traditional topological index, the PI index of molecular graph *G* was defined as$$\mathit{PI}_{v}(G) = \sum\limits_{e = \mathit{uv}}(n_{u}(e) + n_{v}(e))\text{.}$$

The vertex PI polynomial, as the extension of vertex PI index, was introduced by [@b0010], which was stated as$$\mathit{PI}_{v}(G\text{,}x) = \sum\limits_{\mathit{uv} \in E(G)}x^{n_{u}(e) + n_{v}(e)}\text{.}$$

As a distance-based polynomial, the Szeged polynomial is defined as$$\mathit{Sz}(G\text{,}x) = \sum\limits_{e = \mathit{uv}}x^{n_{u}(e)n_{v}(e)}\text{.}$$

Some results can be referred to [@b0120]. For any edge *e* = *uv*, let$$n(e) = |\{ x|x \in V(G)\text{,}\mspace{6mu} d(u\text{,}x) = d(v\text{,}x)\}|\text{.}$$

Then, the modified version of Szeged index for a molecular graph *G* was defined as$$\mathit{Sz}_{v}^{\ast}(G) = \sum\limits_{\mathit{uv} \in E(G)}\left( {\left( {n_{u}(e) + \frac{n(e)}{2}} \right)\left( {n_{v}(e) + \frac{n(e)}{2}} \right)} \right)\text{.}$$

In what follows, let $\lambda\  \neq \ 0$ be a real number, *t* be any non-negative integer number, and $D(G)$ be the diameter of molecular graph *G*. As the extension of the Wiener index, the modified Wiener index was introduced as$$W_{\lambda}(G) = \sum\limits_{\{ u\text{,}v\} \subseteq V(G)}d^{\lambda}(u\text{,}v)\text{.}$$

The hyper-Wiener index and $\lambda$-modified hyper-Wiener index are defined as$$\mathit{WW}(G) = \frac{1}{2}\left( {\sum\limits_{\{ u\text{,}v\} \subseteq V(G)}d^{2}(u\text{,}v) + \sum\limits_{\{ u\text{,}v\} \subseteq V(G)}d(u\text{,}v)} \right)$$and$$\mathit{WW}_{\lambda}(G) = \frac{1}{2}\left( {\sum\limits_{\{ u\text{,}v\} \subseteq V(G)}d^{2\lambda}(u\text{,}v) + \sum\limits_{\{ u\text{,}v\} \subseteq V(G)}d^{\lambda}(u\text{,}v)} \right)\text{,}$$respectively.

The multiplicative Wiener index is stated as$$\pi(G) = \prod\limits_{\{ u\text{,}v\} \subseteq V(G)}d(u\text{,}v)\text{.}$$

Correspondingly, the logarithm of multiplicative Wiener index is expressed as$$\prod(G) = \ln\left( \sqrt{2\prod\limits_{\{ u\text{,}v\} \subseteq V(G)}d(u\text{,}v)} \right)\text{.}$$

The Harary index is denoted as$$H(G) = \sum\limits_{\{ u\text{,}v\} \subseteq V(G)}\frac{1}{d(u\text{,}v)}\text{,}$$

The corresponding Harary polynomial is denoted by$$H(G\text{,}x) = \sum\limits_{\{ u\text{,}v\} \subseteq V(G)}\frac{1}{d(u\text{,}v)}x^{d(u\text{,}v)}\text{.}$$

The second and third Harary indices are defined as$$H_{1}(G) = \sum\limits_{\{ u\text{,}v\} \subseteq V(G)}\frac{1}{d(u\text{,}v) + 1}\text{,}$$$$H_{2}(G) = \sum\limits_{\{ u\text{,}v\} \subseteq V(G)}\frac{1}{d(u\text{,}v) + 2}\text{.}$$

More generally, generalized Harary index is denoted by$$H_{t}(G) = \sum\limits_{\{ u\text{,}v\} \subseteq V(G)}\frac{1}{d(u\text{,}v) + t}\text{.}$$

At last, the reciprocal complementary Wiener (RCW) index is denoted as$$\mathit{RCW}(G) = \sum\limits_{\{ u\text{,}v\} \subseteq V(G)}\frac{1}{1 + D(G) - d(u\text{,}v)}\text{.}$$

The papers on Wiener related indices can refer to [@b0140], [@b0170], [@b0185], [@b0110], [@b0190], [@b0175], [@b0065], [@b0135], [@b0125], [@b0060], [@b0155].

A hexagonal rectangle is called hexagonal jagged-rectangle, or simply HJR, if the number of hexagonal cells in each row is alternative between $n$ and $n - 1$. If the top and bottom rows are longer we call it HIR of type I and its denoted by $\text{I}^{n\text{,}m}$. Also, $\text{J}^{n\text{,}m}$ is another type of HJR (see [@b0200], [@b0230], [@b0225] for more details on their structures). Several results on hexagonal structure and its application can refer to [@b0005], [@b0195], [@b0040], [@b0165], [@b0050], [@b0025], [@b0145].

Let $G_{i}(v) = \{ u \in V(G):d(u\text{,}v) = i\}$. The distance-regular molecular graph with diameter $D(G)$ is defined as follows: there are natural numbers $b_{0}\text{,}b_{1}\text{,}\cdots\text{,}b_{D(G) - 1}$, $c_{1} = 1\text{,}c_{2}\text{,}\cdots\text{,}c_{D(G)}$ such that for each pair of vertices $(u\text{,}v)$ with $d(u\text{,}v) = j$, we obtain: (1) there are $c_{j}$ vertices in $G_{j - 1}(v)$ adjacent to $u$ ($1 \leqslant j \leqslant D(G)$); (2) there are $b_{j}$ vertices in $G_{j + 1}(v)$ adjacent to $u$ ($0 \leqslant j \leqslant D(G) - 1$). Here $\{ b_{0}\text{,}b_{1}\text{,}\cdots\text{,}b_{D(G) - 1}\text{;}c_{1} = 1\text{,}c_{2}\text{,}\cdots\text{,}c_{D(G)}\}$ called the intersection array of molecular graph *G*. Several result on distance-regular molecular graph can be referred to [@b0055], [@b0020], [@b0160], [@b0215]. Furthermore, a *k*-regular molecular graph with *n* vertices called the strongly regular with parameter $(n\text{,}k\text{,}\theta\text{,}\mu)$ if each pair of adjacent vertices has $\theta$ common neighbors and each pair of non-adjacent vertices has $\mu$ common neighbors.

In the past decades, the computation of distance-based indices for certain special chemical molecular and drugs structure raised many interests among chemists. Although there have been many results in distance-based indices of molecular graphs, the research of indices for special drug structures are still largely limited. In addition, as popular and critical chemical structures, hexagonal jagged-rectangle and distance-regular structure are widely applied in medical science and pharmaceutical engineering. For all these reasons, we give a deep discussion on the computation of the two molecular structures mentioned above.

The main contribution of our work is two-fold. On the one hand, we will manifest certain vertex distance-based indices of hexagonal jagged-rectangle. On the other hand, some Wiener related indices of distance-regular structure will be discussed.

2. Main results and proofs {#s0010}
==========================

In this section, we present our main result and proofs. Our tricks are mainly based on the graph theory.

2.1. Distance-based indices of hexagonal jagged-rectangle {#s0015}
---------------------------------------------------------

It is easy to see that $|V\text{(I}^{n\text{,}m})| = 2m(2n + 1)$ and $|V\text{(J}^{n\text{,}m})| = 2m(2n + 1) + (2n - 1)$. The edge set of edge of $\text{I}^{n\text{,}m}$ or $\text{J}^{n\text{,}m}$ can be divided into three parts:•*F:* the set of all vertical edges;•*L:* the set of all oblique edges from left to right;•*R:* the set of all oblique edges from right to left.

Our main conclusion is stated as follows.Theorem 1*If* $n \geqslant m$, *then*$$\mathit{ABC}_{2}(\text{I}^{n\text{,}m}) = \sum\limits_{i = 1}^{2m - 1}(s(i) + n)\sqrt{\frac{4\mathit{mn} + 2m - 2}{i(2n + 1)(2m - i)(2n + 1)}} + \sum\limits_{i = 1}^{m - 1}4i\sqrt{\frac{4\mathit{mn} + 2m - 2}{(2m - 2i^{2} - i + 4\mathit{mn})(2i^{2} + i)}} + \sum\limits_{i = m}^{n - 1}4m\sqrt{\frac{4\mathit{mn} + 2m - 2}{(4\mathit{nm} - 4\mathit{im} + 2m^{2} + m)(4\mathit{im} - 2m^{2} + m)}} + \sum\limits_{i = n}^{n + m}4(n + m - i)\sqrt{\frac{4\mathit{mn} + 2m - 2}{(4\mathit{mn} + 2m^{2} + 2n^{2} + n + m - 4\mathit{im} + 4\mathit{in} - 2i^{2} + i)(m - 2m^{2} - 2n^{2} - n + 4\mathit{im} - 4\mathit{in} + 2i^{2} - i)}}\text{,}$$$$\mathit{GA}_{2}(\text{I}^{n\text{,}m}) = \sum\limits_{i = 1}^{2m - 1}(s(i) + n)\frac{\sqrt{i(2n + 1)(2m - i)(2n + 1)}}{2\mathit{mn} + m} + \sum\limits_{i = 1}^{m - 1}4i\frac{\sqrt{(2m - 2i^{2} - i + 4\mathit{mn})(2i^{2} + i)}}{2\mathit{mn} + m} + \sum\limits_{i = m}^{n - 1}4m\frac{\sqrt{(4\mathit{nm} - 4\mathit{im} + 2m^{2} + m)(4\mathit{im} - 2m^{2} + m)}}{2\mathit{mn} + m} + \sum\limits_{i = n}^{n + m}4(n + m - i)\frac{\sqrt{(4\mathit{mn} + 2m^{2} + 2n^{2} + n + m - 4\mathit{im} + 4\mathit{in} - 2i^{2} + i)(m - 2m^{2} - 2n^{2} - n + 4\mathit{im} - 4\mathit{in} + 2i^{2} - i)}}{2\mathit{mn} + m}\text{,}$$$$\mathit{Sz}(\text{I}^{n\text{,}m}\text{,}x) = \sum\limits_{i = 1}^{2m - 1}(s(i) + n)x^{i(2n + 1)(2m - i)(2n + 1)} + \sum\limits_{i = 1}^{m - 1}4\mathit{ix}^{(2m - 2i^{2} - i + 4\mathit{mn})(2i^{2} + i)} + \sum\limits_{i = m}^{n - 1}4\mathit{mx}^{(4\mathit{nm} - 4\mathit{im} + 2m^{2} + m)(4\mathit{im} - 2m^{2} + m)} + \sum\limits_{i = n}^{n + m}4(n + m - i)x^{(4\mathit{mn} + 2m^{2} + 2n^{2} + n + m - 4\mathit{im} + 4\mathit{in} - 2i^{2} + i)(m - 2m^{2} - 2n^{2} - n + 4\mathit{im} - 4\mathit{in} + 2i^{2} - i)}\text{,}$$$$\mathit{Sz}_{v}^{\ast}(\text{I}^{n\text{,}m}) = 16m^{3}n^{3} + \frac{8}{5}m^{5} - \frac{16}{3}m^{4}n + 24m^{3}n^{2} - \frac{10}{3}m^{4} + \frac{7}{5}m + \frac{40}{3}m^{3}n - \frac{4}{3}\mathit{mn}^{3} - 2m^{3} + \frac{16}{3}m^{2}n + \frac{10}{3}m^{2} + \mathit{mn}\text{.}$$*If* $n \leqslant m$, *then*$$\mathit{ABC}_{2}(\text{I}^{n\text{,}m}) = \sum\limits_{i = 1}^{2m - 1}(s(i) + n)\sqrt{\frac{4\mathit{mn} + 2m - 2}{i(2n + 1)(2m - i)(2n + 1)}} + \sum\limits_{i = 1}^{n - 1}4i\sqrt{\frac{4\mathit{mn} + 2m - 2}{(2m - 2i^{2} - i + 4\mathit{mn})(2i^{2} + i)}} + \sum\limits_{i = n}^{m - 1}4n\sqrt{\frac{4\mathit{mn} + 2m - 2}{(2n^{2} + 4\mathit{nm} - 4\mathit{in} + n + 2m - 2i)(4\mathit{in} - 2n^{2} - n + 2i)}} + \sum\limits_{i = m}^{n + m}4(n + m - i)\sqrt{\frac{4\mathit{mn} + 2m - 2}{(4\mathit{mn} + 2m^{2} + 2n^{2} + n + m - 4\mathit{im} - 4\mathit{in} + 2i^{2} - i)( - 2m^{2} - 2n^{2} - n + 4\mathit{im} + 4\mathit{in} + m - 2i^{2} + i)}}\text{,}$$$$\mathit{GA}_{2}(\text{I}^{n\text{,}m}) = \sum\limits_{i = 1}^{2m - 1}(s(i) + n)\frac{\sqrt{i(2n + 1)(2m - i)(2n + 1)}}{2\mathit{mn} + m} + \sum\limits_{i = 1}^{n - 1}4i\frac{\sqrt{(2m - 2i^{2} - i + 4\mathit{mn})(2i^{2} + i)}}{2\mathit{mn} + m} + \sum\limits_{i = n}^{m - 1}4n\frac{\sqrt{(2n^{2} + 4\mathit{nm} - 4\mathit{in} + n + 2m - 2i)(4\mathit{in} - 2n^{2} - n + 2i)}}{2\mathit{mn} + m} + \sum\limits_{i = m}^{n + m}4(n + m - i)\frac{\sqrt{(4\mathit{mn} + 2m^{2} + 2n^{2} + n + m - 4\mathit{im} - 4\mathit{in} + 2i^{2} - i)( - 2m^{2} - 2n^{2} - n + 4\mathit{im} + 4\mathit{in} + m - 2i^{2} + i)}}{2\mathit{mn} + m}\text{,}$$$$\mathit{Sz}(\text{I}^{n\text{,}m}\text{,}x) = \sum\limits_{i = 1}^{2m - 1}(s(i) + n)x^{i(2n + 1)(2m - i)(2n + 1)} + \sum\limits_{i = 1}^{n - 1}4\mathit{ix}^{(2m - 2i^{2} - i + 4\mathit{mn})(2i^{2} + i)} + \sum\limits_{i = n}^{m - 1}4\mathit{nx}^{(2n^{2} + 4\mathit{nm} - 4\mathit{in} + n + 2m - 2i)(4\mathit{in} - 2n^{2} - n + 2i)} + \sum\limits_{i = m}^{n + m}4(n + m - i)x^{(4\mathit{mn} + 2m^{2} + 2n^{2} + n + m - 4\mathit{im} - 4\mathit{in} + 2i^{2} - i)( - 2m^{2} - 2n^{2} - n + 4\mathit{im} + 4\mathit{in} + m - 2i^{2} + i)}\text{,}$$$$\mathit{Sz}_{v}^{\ast}(\text{I}^{n\text{,}m}) = 16m^{3}n^{3} + \mathit{mn} + \frac{56}{3}m^{3}n^{2} + \frac{2}{3}m^{3} - \frac{8}{3}\mathit{mn}^{2} + \frac{10}{3}n^{2} + \frac{8}{3}\mathit{mn}^{4} - \frac{16}{15}n^{5} + \frac{20}{3}m^{3}n + \frac{16}{3}\mathit{mn}^{3} - \frac{10}{3}n^{4} + \frac{m}{3} + \frac{16}{15}n\text{.}$$ProofNote that there are $2m + 1$ rows with vertical edges. Let $\left. s:\mspace{6mu}\mathbb{N}\rightarrow\{ 0\text{,}1\} \right.$ be $s(i) = \left\{ \begin{array}{ll}
{1\text{,}} & {\text{if}\mspace{6mu} i \equiv 1(\text{mod}\mspace{6mu} 2)} \\
{0\text{,}} & {\text{if}\mspace{6mu} i \equiv 0(\text{mod}2)} \\
\end{array} \right)$. We get $n_{u}^{i}(e) = i(2n + 1)$ and $n_{v}^{i}(e) = (2m - i)(2n + 1)$ where $n_{u}^{i}(e)$ is the number of vertices in the *i*-th row whose distance to *u* is smaller than the distance to *v*. Moreover, the number of vertical edges in *i*-th row is $s(i) + n$.By the symmetry of $\text{I}^{n\text{,}m}$, the contributions from *L* and *R* to the indices are equal. The following proof is divided into two cases according to the relationship between *n* and *m*.**Case 1:** $n \geqslant m$. Let $\Lambda_{i}$ be the number of oblique edges from left to right in the *i*-th row. We get$$\Lambda_{i} = \left\{ \begin{array}{ll}
{2i\text{,}} & {1 \leqslant i < m} \\
{2m\text{,}} & {m \leqslant i < n} \\
{2(n + m - i)\text{,}} & {n \leqslant i \leqslant m + n} \\
\end{array} \right)\text{,}$$$$n_{u}^{i}(e) = \left\{ \begin{array}{ll}
{2m - 2i^{2} - i + 4\mathit{mn}\text{,}} & {1 \leqslant i < m} \\
{4\mathit{nm} - 4\mathit{im} + 2m^{2} + m\text{,}} & {m \leqslant i < n} \\
{4\mathit{mn} + 2m^{2} + 2n^{2} + n + m - 4\mathit{im} + 4\mathit{in} - 2i^{2} + i\text{,}} & {n \leqslant i \leqslant m + n} \\
\end{array} \right)\text{,}$$$$n_{v}^{i}(e) = \left\{ \begin{array}{ll}
{2i^{2} + i\text{,}} & {1 \leqslant i < m} \\
{4\mathit{im} - 2m^{2} + m\text{,}} & {m \leqslant i < n} \\
{m - 2m^{2} - 2n^{2} - n + 4\mathit{im} - 4\mathit{in} + 2i^{2} - i\text{,}} & {n \leqslant i \leqslant m + n} \\
\end{array} \right)\text{.}$$**Case 2:** $m \geqslant n$. Let $\Lambda_{i}$ be the number of oblique edges from left to right in the *i*-th row. We get$$\Lambda_{i} = \left\{ \begin{array}{ll}
{2i\text{,}} & {1 \leqslant i < n} \\
{2n\text{,}} & {n \leqslant i < m} \\
{2(n + m - i)\text{,}} & {m \leqslant i \leqslant m + n} \\
\end{array} \right)\text{,}$$$$n_{u}^{i}(e) = \left\{ \begin{array}{ll}
{2m - 2i^{2} - i + 4\mathit{mn}\text{,}} & {1 \leqslant i < n} \\
{2n^{2} + 4\mathit{nm} - 4\mathit{in} + n + 2m - 2i\text{,}} & {n \leqslant i < m} \\
{4\mathit{mn} + 2m^{2} + 2n^{2} + n + m - 4\mathit{im} - 4\mathit{in} + 2i^{2} - i\text{,}} & {m \leqslant i \leqslant m + n} \\
\end{array} \right)\text{,}$$$$n_{v}^{i}(e) = \left\{ \begin{array}{ll}
{2i^{2} + i\text{,}} & {1 \leqslant i < n} \\
{4\mathit{in} - 2n^{2} - n + 2i\text{,}} & {n \leqslant i < m} \\
{- 2m^{2} - 2n^{2} - n + 4\mathit{im} + 4\mathit{in} + m - 2i^{2} + i\text{,}} & {m \leqslant i \leqslant m + n} \\
\end{array} \right)\text{.}$$At last, our result is obtained in terms of above computation and the definition of indices. □Theorem 2*If* $n \geqslant m$, *then*$$\mathit{ABC}_{2}(\text{J}^{n\text{,}m}) = \sum\limits_{i = 1}^{2m}(s(i) + n)\sqrt{\frac{4\mathit{mn} + 2m + 2n - 3}{i(2n + 1)((2m - i)(2n + 1) + 2n - 1)}} + \sum\limits_{i = 1}^{m}4i\sqrt{\frac{4\mathit{mn} + 2m + 2n - 3}{(4\mathit{mn} + 2m + 2n - 1 - 2i^{2} - i)(2i^{2} + i)}}( + \sum\limits_{i = m + 1}^{n}(4m + 2)\sqrt{\frac{4\mathit{mn} + 2m + 2n - 3}{( - 2m^{2} - m + 4\mathit{im} + 2i - 1)(2m^{2} + 4\mathit{nm} + 3m - 4\mathit{im} + 2n - 2i)}} + \sum\limits_{i = n + 1}^{n + m}(4(n + m - i) + 2)\sqrt{\frac{4\mathit{mn} + 2m + 2n - 3}{( - 2m^{2} - 2n^{2} + 4\mathit{im} + 4\mathit{in} - m - n + 3i - 2i^{2} - 1)(2m^{2} + 4\mathit{mn} + 2n^{2} - 4\mathit{im} + 3n + 3m - 4\mathit{in} + 2i^{2} - 3i)}}\text{,}$$$$\mathit{GA}_{2}(\text{J}^{n\text{,}m}) = \sum\limits_{i = 1}^{2m}2(s(i) + n)\frac{\sqrt{i(2n + 1)((2m - i)(2n + 1) + 2n - 1)}}{4\mathit{mn} + 2m + 2n - 1} + \sum\limits_{i = 1}^{m}8i\frac{\sqrt{(4\mathit{mn} + 2m + 2n - 1 - 2i^{2} - i)(2i^{2} + i)}}{4\mathit{mn} + 2m + 2n - 1} + \sum\limits_{i = m + 1}^{n}(8m + 4)\frac{\sqrt{( - 2m^{2} - m + 4\mathit{im} + 2i - 1)(2m^{2} + 4\mathit{nm} + 3m - 4\mathit{im} + 2n - 2i)}}{4\mathit{mn} + 2m + 2n - 1} + \sum\limits_{i = n + 1}^{n + m}(8(n + m - i) + 4)\frac{\sqrt{( - 2m^{2} - 2n^{2} + 4\mathit{im} + 4\mathit{in} - m - n + 3i - 2i^{2} - 1)(2m^{2} + 4\mathit{mn} + 2n^{2} - 4\mathit{im} + 3n + 3m - 4\mathit{in} + 2i^{2} - 3i)}}{4\mathit{mn} + 2m + 2n - 1}\text{,}$$$$\mathit{Sz}(\text{J}^{n\text{,}m}\text{,}x) = \sum\limits_{i = 1}^{2m}(s(i) + n)x^{i(2n + 1)((2m - i)(2n + 1) + 2n - 1)} + \sum\limits_{i = 1}^{m}4\mathit{ix}^{(4\mathit{mn} + 2m + 2n - 1 - 2i^{2} - i)(2i^{2} + i)} + \sum\limits_{i = m + 1}^{n}(4m + 2)x^{( - 2m^{2} - m + 4\mathit{im} + 2i - 1)(2m^{2} + 4\mathit{nm} + 3m - 4\mathit{im} + 2n - 2i)} + \sum\limits_{i = n + 1}^{n + m}(4(n + m - i) + 2)x^{( - 2m^{2} - 2n^{2} + 4\mathit{im} + 4\mathit{in} - m - n + 3i - 2i^{2} - 1)(2m^{2} + 4\mathit{mn} + 2n^{2} - 4\mathit{im} + 3n + 3m - 4\mathit{in} + 2i^{2} - 3i)}\text{,}$$$$\mathit{Sz}_{v}^{\ast}(\text{J}^{n\text{,}m}) = 16m^{3}n^{3} + 24m^{3}n^{2} + 24m^{2}n^{3} + 12m^{2}n^{2} - 4\mathit{mn}^{2} - 2n^{2} + \frac{8}{5}m^{5} + \frac{16}{3}m^{4}n - \frac{4}{3}m^{4} + \frac{20}{3}m^{3}n + \frac{32}{3}\mathit{mn}^{3} - \frac{16}{3}m^{3} + \frac{10}{3}m^{2}n + \frac{4}{3}n^{3} - \frac{17}{3}m^{2} + \frac{8}{3}\mathit{mn} - \frac{19}{15}m + \frac{2}{3}n\text{.}$$*If* $n \leqslant m$, *then*$$\mathit{ABC}_{2}(\text{J}^{n\text{,}m}) = \sum\limits_{i = 1}^{2m}(s(i) + n)\sqrt{\frac{4\mathit{mn} + 2m + 2n - 3}{i(2n + 1)((2m - i)(2n + 1) + 2n - 1)}} + \sum\limits_{i = 1}^{n}4i\sqrt{\frac{4\mathit{mn} + 2m + 2n - 3}{(4\mathit{mn} + 2m + 2n - 1 - 2i^{2} - i)(2i^{2} + i)}} + \sum\limits_{i = n + 1}^{m}4n\sqrt{\frac{4\mathit{mn} + 2m + 2n - 3}{(2n^{2} + 4\mathit{nm} + 3n - 4\mathit{in} + 2m - 2i - 1)(4\mathit{in} - 2n^{2} - n + 2i)}} + \sum\limits_{i = m + 1}^{n + m}(4(n + m - i) + 2)\sqrt{\frac{4\mathit{mn} + 2m + 2n - 3}{( - 2m^{2} - 2n^{2} + 4\mathit{im} + 4\mathit{in} - n - m - 2i^{2} + 3i - 1)(2m^{2} + 4\mathit{mn} + 2n^{2} - 4\mathit{im} + 3n + 3m - 4\mathit{in} + 2i^{2} - 3i)}}\text{,}$$$$\mathit{GA}_{2}(\text{J}^{n\text{,}m}) = \sum\limits_{i = 1}^{2m}2(s(i) + n)\frac{\sqrt{i(2n + 1)((2m - i)(2n + 1) + 2n - 1)}}{4\mathit{mn} + 2m + 2n - 1} + \sum\limits_{i = 1}^{n}8i\frac{\sqrt{(4\mathit{mn} + 2m + 2n - 1 - 2i^{2} - i)(2i^{2} + i)}}{4\mathit{mn} + 2m + 2n - 1} + \sum\limits_{i = n + 1}^{m}8n\frac{\sqrt{(2n^{2} + 4\mathit{nm} + 3n - 4\mathit{in} + 2m - 2i - 1)(4\mathit{in} - 2n^{2} - n + 2i)}}{4\mathit{mn} + 2m + 2n - 1} + \sum\limits_{i = m + 1}^{n + m}(8(n + m - i) + 4)\frac{\sqrt{( - 2m^{2} - 2n^{2} + 4\mathit{im} + 4\mathit{in} - n - m - 2i^{2} + 3i - 1)(2m^{2} + 4\mathit{mn} + 2n^{2} - 4\mathit{im} + 3n + 3m - 4\mathit{in} + 2i^{2} - 3i)}}{4\mathit{mn} + 2m + 2n - 1}\text{,}$$$$\mathit{Sz}(\text{J}^{n\text{,}m}\text{,}x) = \sum\limits_{i = 1}^{2m}(s(i) + n)x^{i(2n + 1)((2m - i)(2n + 1) + 2n - 1)} + \sum\limits_{i = 1}^{n}4\mathit{ix}^{(4\mathit{mn} + 2m + 2n - 1 - 2i^{2} - i)(2i^{2} + i)} + \sum\limits_{i = n + 1}^{m}4\mathit{nx}^{(2n^{2} + 4\mathit{nm} + 3n - 4\mathit{in} + 2m - 2i - 1)(4\mathit{in} - 2n^{2} - n + 2i)} + \sum\limits_{i = m + 1}^{n + m}(4(n + m - i) + 2)x^{( - 2m^{2} - 2n^{2} + 4\mathit{im} + 4\mathit{in} - n - m - 2i^{2} + 3i - 1)(2m^{2} + 4\mathit{mn} + 2n^{2} - 4\mathit{im} + 3n + 3m - 4\mathit{in} + 2i^{2} - 3i)}\text{,}$$$$\mathit{Sz}_{v}^{\ast}(\text{J}^{n\text{,}m}) = 16m^{3}n^{3} + 24m^{2}n^{3} + 4m^{2}n^{2} - 4n^{4} - 6m^{2}n + 4n^{3} - m^{2} - 6\mathit{mn} + 2n^{2} + \frac{56}{3}m^{3}n^{2} + \frac{8}{3}\mathit{mn}^{4} - \frac{16}{15}n^{5} + \frac{20}{3}m^{3}n + \frac{64}{3}\mathit{mn}^{3} + 2m^{3} - \frac{10}{3}\mathit{mn}^{2} + \frac{m}{3} - \frac{14}{15}n\text{.}$$ProofNote that there are 2m rows in which 1-th, 3-th, ..., $2m - 1$-th rows have exactly $n + 1$ vertical edges and other rows have *n* vertical edges. We get $n_{u}^{i}(e) = i(2n + 1)$ and $n_{v}^{i}(e) = (2m - i)(2n + 1) + 2n - 1$. Furthermore, the number of vertical edges in *i*-th row is $s(i) + n$.By the symmetry of $\text{J}^{n\text{,}m}$, the contributions from *L* and *R* to the indices are equal. The following proof is divided into two cases according to the relationship between *n* and *m*.**Case 1:** $n \geqslant m$. Let $\Lambda_{i}$ be the number of oblique edges from left to right in the *i*-th row. We get$$\Lambda_{i} = \left\{ \begin{array}{ll}
{2i\text{,}} & {1 \leqslant i \leqslant m} \\
{2m + 1\text{,}} & {m < i \leqslant n} \\
{2(n + m - i) + 1\text{,}} & {n < i \leqslant m + n} \\
\end{array} \right)\text{,}$$$$n_{u}^{i}(e) = \left\{ \begin{array}{ll}
{2i^{2} + i\text{,}} & {1 \leqslant i \leqslant m} \\
{- 2m^{2} - m + 4\mathit{im} + 2i - 1\text{,}} & {m < i \leqslant n} \\
{- 2m^{2} - 2n^{2} + 4\mathit{im} + 4\mathit{in} - m - n + 3i - 2i^{2} - 1\text{,}} & {n < i \leqslant m + n} \\
\end{array} \right)\text{,}$$$$n_{v}^{i}(e) = \left\{ \begin{array}{ll}
{4\mathit{mn} + 2m + 2n - 1 - 2i^{2} - i\text{,}} & {1 \leqslant i \leqslant m} \\
{2m^{2} + 4\mathit{nm} + 3m - 4\mathit{im} + 2n - 2i\text{,}} & {m < i \leqslant n} \\
{2m^{2} + 4\mathit{mn} + 2n^{2} - 4\mathit{im} + 3n + 3m - 4\mathit{in} + 2i^{2} - 3i\text{,}} & {n < i \leqslant m + n} \\
\end{array} \right)\text{.}$$**Case 2:** $m \geqslant n$. Let $\Lambda_{i}$ be the number of oblique edges from left to right in the *i*-th row. We get$$\Lambda_{i} = \left\{ \begin{array}{ll}
{2i\text{,}} & {1 \leqslant i \leqslant n} \\
{2n\text{,}} & {n < i \leqslant m} \\
{2(n + m - i) + 1\text{,}} & {m < i \leqslant m + n} \\
\end{array} \right)\text{,}$$$$n_{u}^{i}(e) = \left\{ \begin{array}{ll}
{2i^{2} + i\text{,}} & {1 \leqslant i \leqslant n} \\
{- 2n^{2} - n + 4\mathit{in} + 2i\text{,}} & {n < i \leqslant m} \\
{- 2m^{2} - 2n^{2} + 4\mathit{im} + 4\mathit{in} - n - m - 2i^{2} + 3i - 1\text{,}} & {m < i \leqslant m + n} \\
\end{array} \right)\text{,}$$$$n_{v}^{i}(e) = \left\{ \begin{array}{ll}
{4\mathit{mn} + 2m + 2n - 1 - 2i^{2} - i\text{,}} & {1 \leqslant i \leqslant n} \\
{2n^{2} + 4\mathit{nm} + 3n - 4\mathit{in} + 2m - 2i - 1\text{,}} & {n < i \leqslant m} \\
{2m^{2} + 4\mathit{mn} + 2n^{2} - 4\mathit{im} + 3n + 3m - 4\mathit{in} + 2i^{2} - 3i\text{,}} & {m < i \leqslant m + n} \\
\end{array} \right)\text{.}$$At last, our result is obtained in terms of above computation and the definition of indices. □

2.2. Wiener related indices of distance-regular molecular graph {#s0020}
---------------------------------------------------------------

In this part, we mainly discuss the distance-based indices of distance-regular graphs which is widely appeared in drug molecular structures. The proof of below results mainly follows the tricks presented by [@b0055]. We skip the detail proof here.Theorem 3*Let G be a distance*-*regular molecular graph with intersection array* $\{ b_{0}\text{,}b_{1}\text{,}\cdots\text{,}b_{D(G) - 1}\text{;}c_{1} = 1\text{,}c_{2}\text{,}\cdots\text{,}c_{D(G)}\}$. *Then*,$$W_{\lambda}(G) = \frac{\mathit{nb}_{0}}{2} + \frac{\mathit{nb}_{0}}{2}\sum\limits_{i = 2}^{D}\frac{\prod_{j = 1}^{i - 1}b_{j}}{\prod_{j = 2}^{i}c_{j}}i^{\lambda}\text{,}$$$$\mathit{WW}(G) = \frac{\mathit{nb}_{0}}{2} + \frac{\mathit{nb}_{0}}{2}\sum\limits_{i = 2}^{D}\frac{\prod_{j = 1}^{i - 1}b_{j}}{\prod_{j = 2}^{i}c_{j}}\frac{i + i^{2}}{2}\text{,}$$$$\mathit{WW}_{\lambda}(G) = \frac{\mathit{nb}_{0}}{2} + \frac{\mathit{nb}_{0}}{2}\sum\limits_{i = 2}^{D}\frac{\prod_{j = 1}^{i - 1}b_{j}}{\prod_{j = 2}^{i}c_{j}}\frac{i^{\lambda} + i^{2\lambda}}{2}\text{,}$$$$\pi(G) = \prod\limits_{i = 2}^{D}i^{\frac{\mathit{nb}_{0}}{2}\frac{\prod_{j = 1}^{i - 1}b_{j}}{\prod_{j = 2}^{i}c_{j}}}\text{,}$$$$\prod(G) = \ln\left( \sqrt{2\prod_{i = 2}^{D}i^{\frac{\mathit{nb}_{0}}{2}\frac{\prod_{j = 1}^{i - 1}b_{j}}{\prod_{j = 2}^{i}c_{j}}}} \right)\text{,}$$$$H(G) = \frac{\mathit{nb}_{0}}{2} + \frac{\mathit{nb}_{0}}{2}\sum\limits_{i = 2}^{D}\frac{\prod_{j = 1}^{i - 1}b_{j}}{\prod_{j = 2}^{i}c_{j}}\frac{1}{i}\text{,}$$$$H(G\text{,}x) = \frac{\mathit{nb}_{0}}{2}x + \frac{\mathit{nb}_{0}}{2}\sum\limits_{i = 2}^{D}\frac{\prod_{j = 1}^{i - 1}b_{j}}{\prod_{j = 2}^{i}c_{j}}\frac{1}{i}x^{i}$$$$H_{t}(G) = \frac{\mathit{nb}_{0}}{2(1 + t)} + \frac{\mathit{nb}_{0}}{2}\sum\limits_{i = 2}^{D}\frac{\prod_{j = 1}^{i - 1}b_{j}}{\prod_{j = 2}^{i}c_{j}}\frac{1}{i + t}\text{,}$$$$\mathit{RCW}(G) = \frac{\mathit{nb}_{0}}{2D(G)} + \frac{\mathit{nb}_{0}}{2}\sum\limits_{i = 2}^{D}\frac{\prod_{j = 1}^{i - 1}b_{j}}{\prod_{j = 2}^{i}c_{j}}\frac{1}{1 + D(G) - i}\text{.}$$Theorem 4*Let G be a strongly regular graph with parameter* $(n\text{,}k\text{,}\theta\text{,}\mu)$, *then*$$W_{\lambda}(G) = \frac{\mathit{nk}}{2} + \frac{(k - \theta - 1)\mathit{nk}}{2\mu}2^{\lambda}\text{,}$$$$\mathit{WW}(G) = \frac{\mathit{nk}}{2} + \frac{3\mathit{nk}(k - \theta - 1)}{2\mu}\text{,}$$$$\mathit{WW}_{\lambda}(G) = \frac{\mathit{nk}}{2} + \frac{2^{\lambda} + 4^{\lambda}}{4}\frac{(k - \theta - 1)\mathit{nk}}{\mu}\text{,}$$$$\pi(G) = 2^{\frac{(k - \theta - 1)\mathit{nk}}{2\mu}}\text{,}$$$$\prod(G) = \ln\left( \sqrt{2^{\frac{(\mu + k - \theta - 1)\mathit{nk}}{2\mu}}} \right)\text{,}$$$$H(G) = \frac{\mathit{nk}}{2} + \frac{(k - \theta - 1)\mathit{nk}}{4\mu}\text{,}$$$$H(G\text{,}x) = \frac{\mathit{nk}}{2}x + \frac{(k - \theta - 1)\mathit{nk}}{4\mu}x^{2}$$$$H_{t}(G) = \frac{\mathit{nk}}{2(1 + t)} + \frac{(k - \theta - 1)\mathit{nk}}{2\mu(2 + t)}\text{,}$$$$\mathit{RCW}(G) = \frac{\mathit{nk}}{4} + \frac{(k - \theta - 1)\mathit{nk}}{2\mu}\text{.}$$

3. Conclusion {#s0025}
=============

In our paper, according to the analysis of drug molecular structures, distance calculating and mathematical derivation, we mainly determine the distance-based indices of hexagonal jagged-rectangle ([@b0220], [@b0180]). As a supplementary conclusion, we report the Wiener related indices of distance-regular molecular graphs. The theoretical formulations obtained in our work illustrate the promising prospects of their application for the pharmacy and chemical engineering.
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